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Recently it was shown that cosmic anisotropy can be well tested using either standard siren
measurement of luminosity distance dL(z) from gravitational-wave (GW) observation or dispersion
measure (DM(z)) from fast radio burst (FRB). It was also observed that the combined measurement
of dL(z) ·DM(z) from the GW/FRB association system as suggested in some of FRB models is more
effective to constrain cosmological parameters than dL(z) or DM(z) separately due to its indepen-
dence from Hubble constant. In this paper, we will show both theoretically and with simulation
that, this upgraded sirens from combined GW/FRB observations could test cosmic anisotropy with
a double relative sensitivity compared to the usual standard siren from GW observation alone.

I. INTRODUCTION

The power of standard siren [1, 2] starts to be ap-
preciated since the first discovery of binary neutron star
(BNS) merger [3, 4]. The luminosity distance can be
directly determined from the gravitational waveform of
coalescing binaries and the redshift can be inferred from
the associated electromagnetic (EM) counterpart. In our
previous work [5], we have demonstrated the promiss-
ing perspective of constraint ability on cosmic anisotropy
using gravitational wave (GW) as standard sirens. We
found that with few hundreds standard siren events, the
cosmic isotropy can be ruled out at 3σ confidence level
(C.L.) and the dipole direction can be constrained within
10 ∼ 20% at 3σ C.L. for dipole amplitude of order
O(10−2). See [6–10] for more recent studies on standard
sirens and [11] for a review and references therein.

On the other hand, it was indicated in some models
[12, 13] of fast radio burst (FRB) [14] that, the observed
millisecond-duration radio transients could be originated
from the mergers of binary neutron stars (BNS) [15–17],
black hole-neutron star (BHNS) [18] or double charged
black holes (BHs) [19]. A typical FRB could exhibit high
dispersion measure (DM) of order O(102 ∼ 103) pc·cm−3

with negligible uncertainties of order O(10−2 ∼ 10−1) pc·
cm−3 [12]. Recently, cosmic anisotropy was tested in [20]
using dispersion measure for some simulated FRB events
with known redshifts. With few hundreds FRB events,
cosmic anisotropy can be found for dipole amplitude of
order O(10−2). Other applications of FRB on cosmology
can be found in [21–32].

In particular, an ungraded standard siren was proposed
in [27] when the binary system exhibits both GW and
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FRB signals. Combining the luminosity distance dL(z)
from GW and dispersion measures DMIGM(z) from FRB
through intergalactic medium (IGM), the product dL(z) ·
DMIGM(z) is independent of the Hubble constant H0,
and it could constrain the cosmological parameters more
strongly than using separately either dL(z) or DMIGM(z)
alone. It is worth noting that, the identified system with
GW/FRB association is nevertheless idealistic, but still
possible for the next generation of GW detectors.

In the present work, we will use this upgraded siren to
test the constraint ability on cosmic anisotropy, assum-
ing that GW and FRB have the same progenitor system
like BNS or BHNS. The paper is organized as follows. In
Sec. II, the upgraded siren with GW/FRB association is
reviewed and compared to the usual standard siren when
dipole modulation is concerned. In Sec. III, we present
the error estimation of the joined measurements of lumi-
nosity distance and dispersion measure. In Sec. IV, the
GW/FRB standard siren events are simulated, and the
presumed dipole modulation is recovered by adopting the
Markov Chain Monte Carlo (MCMC) approach. In Sec.
V, the results are summarized in conclusions. Through-
out this paper, a flat universe is assumed for simplicity,
and the geometric unit c = G = 1 is adopted.

II. GW/FRB STANDARD SIREN

In this section, we will briefly summarise some key
points of the GW/FRB standard siren, more details can
be found in [5] and [27]. A sensitivity comparison to GW
standard siren is given in the end.

For the GW standard siren event at redshift z, the
isotropic luminosity distance in a spatially flat FLRW
universe

dL(z) =
1 + z

H0

∫ z

0

dz′

E(z′)
, (1)
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can be directly inferred from the amplitude

A =
1

dL

√
F 2

+(1 + cos2(ι))2 + 4F 2
× cos2(ι)

×
√

5π/96π−7/6M5/6
c , (2)

of Fourier transform of GW signal

H(f) = Af−7/6eiΨ(f), (3)

whose detector response in transverse-traceless gauge is

h(t) = F+(θ, φ, ψ)h+(t) + F×(θ, φ, ψ)h×(t). (4)

Here E(z) ≡ H(z)/H0 =
√

(1− Ωm) + Ωm(1 + z)3

is dimensionless Hubble parameter, H0 =
100h km s−1 Mpc−1 is the Hubble constant, Ωm is
the matter density parameter today, ι is the inclination
angle between the orbit and the line-of-sight, Mc is the
observed chirp massMc = (1+z)Mη3/5 with total mass
M = m1 +m2 and symmetric mass ratio η = m1m2/M

2.
The phase in Eq. (3) is computed in the post-Newtonian
formalism up to 3.5 PN and the specific expression can
be found in [33]. F+,× are the antenna pattern functions
for the two polarizations h+,×, (θ, φ) are the directional
angles of the source in the detector frame, and ψ is the
polarization angle. Note that, one can take ι = 0◦ as
argued in [5] and references therein.

On the other hand, dispersion measure is defined as
the observed column density of the free electrons along
line-of-sight [21, 22, 34, 35],

DM =

∫
ne,zdl

1 + z
, (5)

which can be measured from the observed time delay be-
tween two frequencies of emitted electromagnetic signal
[21, 22, 34, 35],

∆t =
e2

2πmec

(
1

ν2
1

− 1

ν2
2

)
DM. (6)

When applied to FRB, the observed DM consists of three
parts:

DMobs = DMMW + DMIGM +
DMHG

1 + z
, (7)

which come from the Milky Way (MW), intergalactic
medium (IGM), and FRB host galaxy (HG), respectively.
Once DMobs, DMMW [36–38] and DMHG are determined
from observations, one can obtain the observed DMIGM,
which contributes most among all with most relevance to
cosmological study. The mean value of DMIGM can be
written as [21, 22, 34, 35]

〈DMIGM(z)〉 =
3H0ΩbfIGM

8πmp

∫ z

0

χ(z′)(1 + z′)

E(z′)
dz′, (8)

where the fraction of baryon mass in the IGM fIGM '
0.83, Ωb is the current baryon mass fraction of the uni-
verse , andmp is the mass of proton. χ(z) = 3

4y1χe,H(z)+

1
8y2χe,He(z), with y1 ∼ 1, y2 ∼ 1. χe,H(z) and χe,He(z)
are the ionization fractions for H and He, respectively.
Since H is essentially fully ionized at z < 6, we could
take χe,H(z) = 1. However, for He, it is fully ionized
at z < 3, so we have the approximate expression for
χe,He(z), which is given by [23]

χe,He(z) =

{
1, z < 3;
0.025z3 − 0.244z2 + 0.513z + 1.006, z > 3.

(9)

It was observed in [27] that dL(z)〈DMIGM(z)〉 is indepen-
dent of Hubble constant H0. In the rest part of the paper,
we will use the notation DMIGM instead of 〈DMIGM〉.

One of ways to characterize the cosmic anisotropy is
to introduce a dipole modulation with amplitude g and
direction n̂ on the isotropic luminosity distance,

dfid
L (ẑ) = diso

L (z)[1 + g(n̂ · ẑ)], (10)

where the isotropic luminosity distance diso
L (z) is calcu-

lated according to Eq. (1). Since the definition of dis-
persion measure also contains distance element dl along
line-of-sight, it can be also anisotropicalized in a similar
way as [20]

DMfid
IGM(ẑ) = DMiso

IGM(z)[1 + g(n̂ · ẑ)]. (11)

where the isotropic dispersion measure DMiso
IGM(z) is

computed according to (8). The dipole direction is given
by

n̂ = (cosφ sin θ, sinφ sin θ, cos θ), (12)

where θ ∈ [0, π) and φ ∈ [0, 2π). Therefore, the fiducial
combination takes the form of

dfid
L (ẑ) ·DMfid

IGM(ẑ) = diso
L (z) ·DMiso

IGM(z)[1 + g(n̂ · ẑ)]2.
(13)

To see that the upgraded siren from GW/FRB per-
forms better than the standard siren from GW alone
when testing cosmic anisotropy, one can calculate their
relative sensitivity, namely the relative change of mea-
sured quantity with respect to the change of dipole am-
plitude,

1

dfid
L (ẑ) ·DMfid

IGM(ẑ)

d[dfid
L (ẑ) ·DMfid

IGM(ẑ)]

dg

=2
n̂ · ẑ

1 + g(n̂ · ẑ)

=2
1

dfid
L (ẑ)

d[dfid
L (ẑ)]

dg
. (14)

The relative sensitivity of the upgraded siren from
GW/FRB is twice as large as that of the standard siren
from GW alone. Thus we can conclude that dL ·DMIGM

is more sensitive than dL with respect to the presumed
anisotropy.
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III. ERROR ESTIMATION

ET is a proposed third-generation ground-based GW
detector, and the frequency it will cover ranges from 1 to
104 Hz. The exact forms of pattern functions for ET are
given by [39]

F
(1)
+ (θ, φ, ψ) =

√
3

2

[
1

2
(1 + cos2(θ)) cos(2φ) cos(2ψ)

− cos(θ) sin(2φ) sin(2ψ)

]
;

F
(1)
× (θ, φ, ψ) =

√
3

2

[
1

2
(1 + cos2(θ)) cos(2φ) sin(2ψ)

+ cos(θ) sin(2φ) cos(2ψ)

]
, (15)

and the rest of the pattern functions are F
(2)
+,×(θ, φ, ψ) =

F
(1)
+,×(θ, φ + 2π/3, ψ) and F

(3)
+,×(θ, φ, ψ) = F

(1)
+,×(θ, φ +

4π/3, ψ), respectively, since the three interferometers
align with an angle 60◦ with each other. The error esti-
mations are presented below.

Assuming that the error on luminosity distance is un-
correlated with errors on the remaining GW parameters,
the instrumental error can be estimated with Fisher ma-
trix by

σinst
dL
'

√〈
∂H
∂dL

,
∂H
∂dL

〉−1

. (16)

Since H ∝ d−1
L , one could approximate σinst

dL
' dL/ρ.

Moreover, a factor of 2 is added to the instrumental error

σinst
dL
' 2dL

ρ
(17)

for a conservative estimation [40] when considering the
correction between dL and ι. Another error to be con-
sidered is σlens

dL
due to the effect of weak lensing, and we

assume σlens
dL

/dL = 0.05z as [39]. We therefore take the
total uncertainty on the luminosity distance as

σdL
=
√

(σinst
dL

)2 + (σlens
dL

)2;

=

√(
2dL

ρ

)2

+ (0.05zdL)2. (18)

The corresponding error for the product dL ·DMIGM is
given by [27]

σdL·DMIGM
=
√

(DMIGM · σdL
)2 + (dL · σDMIGM

)2 (19)

In the following section, we will use dL ·DMIGM and Eq.
(19) to simulate the corresponding measurement through
Gaussian distribution.

IV. SIMULATION TEST

Next we simulate a set of GW/FRB event. A GW
event is usually claimed when the signal-to-noise ratio
(SNR) of the detector network reaches above 8. The
combined SNR for the network of N independent inter-
ferometers is given by

ρ =

√√√√ N∑
i=1

〈H(i),H(i)〉, (20)

where the scalar product is defined as

〈a, b〉 ≡ 4

∫ fmax

fmin

ã(f)b̃∗(f) + ã∗(f)b̃(f)

2

df

Sh(f)
(21)

for given ã(f) and b̃(f) as the Fourier transforms of some
functions a(t) and b(t), and Sh(f) denotes the one-side
noise power spectral density (PSD) characterizing the
performance of GW detector. The noise PSD for ET
is [5, 39].

Sh(f) =10−50(2.39× 10−27x−15.64 + 0.349x−2.145

+ 1.76x−0.12 + 0.409x1.1)2 Hz−1, (22)

where x = f/fp with fp ≡ 100 Hz. The lower and up-
per cutoff frequencies fmin = 1 Hz and fmax = 2fLSO,
where the orbit frequency at the last stable orbit fLSO =
1/63/22πMobs with the observed total mass Mobs =
(1 + z)M .

We take the standard ΛCDM model as our isotropic
cosmological model with fiducial values

h = 0.678, Ωm = 0.308, Ωb = 0.049 (23)

from the current Planck 2015 data [41]. The redshift
distribution of the observable sources takes the form of
[39]

P (z) ∝ 4πd2
c(z)R(z)

(1 + z)E(z)
, (24)

where dc is the comoving distance defined as dc(z) ≡∫ z

0
1/E(z′)dz′, and R(z) describes the NS-NS merger

rate, which is given by [42]

R(z) =

 1 + 2z, z ≤ 1;
3
4 (5− z), 1 < z < 5;
0, z ≥ 5.

(25)

In order to recover the presumed anisotropy with
MCMC method, we calculate χ2 as

χ2 =

N∑
i=1

[
diL ·DMi

IGM − dfid
L (ẑ) ·DMfid

IGM(ẑ)

σi
dL·DMIGM

]2

, (26)

where N denotes the number of data sets, diL ·
DMi

IGM, σ
i
dL·DMIGM

are the i-th combination of luminos-
ity distance and dispersion measure, and the correspond-
ing error of the simulated data, respectively.
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The specific steps to simulate the mock data of stan-
dard siren events is similar with [5, 6], which are listed
below:

1. Simulate N GW/FRB datasets, according to the
redshift distribution in Eq. (24), and the angles θ
and φ are randomly sampled within the intervals
[0, π) and [0, 2π).

2. Calculate the isotropic luminosity distance diso
L (z)

according to Eq. (1), isotropic dispersion measure

DMiso
IGM(z) from (8) and anisotropic fiducial com-

bined dfid
L (ẑ) ·DMfid

IGM(ẑ) according to Eq. (13).

3. Randomly sample the mass of neutron star and
black hole within [1, 2] M� and [3, 10] M�, respec-
tively. Assuming the ratio between the number of
BHNS and that of BNS is roughly 0.03 [43]. Eval-
uate the SNR and the error σdL·DMIGM .

4. Simulate dmea
L ·DMmea

IGM with Gaussian distribution

N (dfid
L · DMfid

IGM, σdL·DMIGM) and calculate the χ2

in Eq (26). Note that here we do not sample the
measurement of dmea

L (or DMmea
IGM) from dmea

L =

N (dfid
L , σdL) (or DMmea

IGM = N (DMfid
IGM, σDMIGM))

separately, as done in [27].

5. Apply the MCMC method to calculate the like-
lihood function of (g, θ, φ) and find out the con-
strained dipole modulation (gc, θc, φc), which will
be compared with the presumed fiducial dipole
modulation (gf , θf , φf ).

V. RESULTS AND DISCUSSIONS

A representative result is illustrated in Fig. 1 to
recover the presumed fiducial value of dipole ampli-
tude gf = 0.1 (left column) and dipole direction angles
(medium and right columns). The top-row panels are
obtained using GW siren, while the medium-row panels
are obtained using GW/FRB siren, of which the error
bars are compared in the bottom-row panels with GW
siren (dashed) and GW/FRB siren (solid), respectively.
As expected theoretically from (14), the error bars are
all reduced when DM information is included, indicating
a better performance of GW/FRB siren.

To summary, we use the combination of GWs and
FRBs as the upgraded sirens to investigate the constraint
ability on the anisotropy in the Universe expansion. This
combination takes the advantage of being independent of
H0, which may reduces the corresponding errors. With
presumed dipole anisotropy, we construct the simulated
data of GW events from BNS and BHNS for ET, assum-
ing GWs and FRBs share the same progenitor system.
Comparing with our previous work [5], we found a sound
improvements on recovering the dipole amplitude. Al-
though there do exist some challenges while using this
upgraded siren, as discussed in [27], we believe that it
could become a promising approach for studying the con-
straint ability on the cosmic anisotropy as more BNS or
BHNS events will be detected in the future.
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FIG. 1. The constraint ability of ET with respect to the observed number of standard siren events to recover the given fiducial
values of gf = 0.1 from GW siren alone (top row) and GW/FRB siren (medium row), whose relative error bar values are
compared in the bottom row with dashed lines indicating GW siren and solid lines for GW/FRB siren. The best constrained
values divided by the corresponding fiducial values for g (left column), θ (medium column) and φ (right column) are labeled
by the red dots with standard deviation error bars. The blue/green/orange shaded regions are of 1σ/2σ/3σ C.L., respectively.
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